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The local time-averaged velocity, the mixed-mean velocity, and the friction factor for
fully turbulent flow between parallel plates and in round tubes and concentric circular
annuli can be expressed in terms of integrals of the turbulent shear stress. The pressure
distribution across a channel can similarly be expressed in terms of an integral of nor-
mal stresses. These formulations, which are simple and exact, can be integrated numeri-
cally using experimental data, computed values, or correlating equations for turbulent
stresses. Their greatest merit, however, may arise from the insight they prouvide with
respect to the contributions of the fluctuating components of the velocity. For example,
for concentric circular annuli such a formulation identifies a difference between the
locations of the maximum in the velocity and the zero in the total shear stress. This
difference, which has been overlooked in most experimental and semitheoretical investi-
gations, introduces an error of unknown but possibly significant magnitude into all of
the results. It also precludes the application of the mixing-length, eddy viscosity and

k — € models.

Introduction

Until very recently most theoretical results for turbulent
flow in channels have been based on the time-averaged equa-
tions of conservation. In the past few years some success has
been attained in solving the time-dependent form of these
expressions numerically using direct-digital, spectral, and
pseudospectral methods. The results of the latter methodolo-
gies are promising in that they appear to be accurate and to
provide greater precision and detail than may ever be possi-
ble experimentally. However, with current computing ma-
chinery and algorithms, such solutions, as illustrated by those
of Kim et al. (1987) and Rutledge and Sleicher (1993) for
fully developed flow between parallel plates at b+ = 180 (or
Re =11,500) and of Lyons et al. (1991) for the same geometry
at b" =150 or (Re =9,000), are limited to very simple ge-
ometries and very low Reynolds numbers (at the lower limit
of fully turbulent flow). Some time may pass before solutions
are attained for significantly greater rates of flow and more
complex geometries. In any event, the results obtained by such
predictive methods are equivalent in form to experimental
data except for greater precision, frequency, and possible ac-
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curacy, in that they are discrete and provide no functionality.
For that reason, time-averaged models can be expected to
retain a useful role indefinitely in terms of providing a
closed-form structure for correlation.

Time-averaging does of course result in the loss of some
information as a tradeoff for the considerable simplification.
This loss identified by the appearance of new unknown quan-
tities such as #'v’ in the equations of conservation for mo-
mentum. For fully developed flow between parallel plates and
in round tubes, empirical algebraic models in terms of the
eddy kinematic viscosity of Boussinesq (1877) or the mixing-
length of Prandtl (1925) have represented u'v’ with consider-
able success and thereby allowed solution of the time-aver-
aged equations of conservation for the velocity distribution
and the shear stress on the wall. For more complex geome-
tries, semiempirical differential equations of conservation for
the kinetic energy of turbulence k£ and the rate of dissipation
of turbulence, e, as well as for u'v’ itself, have been utilized
with mixed success.

The methods of prediction mentioned in the previous
paragraph are not examined herein. Instead, a quantitative
integral formulation is considered that in itself reveals more
about the functionality than detailed numerical solutions.
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While this integral formulation is not completely unknown
(see, for example, Kampe de Fériet, 1948; Pai, 1953a,b; Kjell-
strom and Hedberg, 1966), its usefulness has not generally
been recognized. Particular attention is given herein to the
continuing cost of that oversight in terms of the misinterpre-
tation of experimental data and the derivation of invalid solu-
tions.

In the interests of simplicity, the results herein are limited
to fully developed, fully turbulent flow and invariant physical
properties.

Smooth Parallel Plates

The somewhat idealized geometry of smooth parallel plates
of infinite extent is chosen as a first example, again for rea-
sons of simplicity. For this condition the time-averaged equa-
tions of conservation can be expressed in the following forms:

P d du |~ 0 i
At Ll
P d
————(pv’v’) 0 )]
ay
and
-—d—y(pwv)=0. 3)

The superbars designating time-averaged values of P and u
have been dropped for simplicity, but those for the products
of the fluctuating components of the velocity are retained for
clarity.

Integration of Egs. 2 and 3 with the postulate {well-con-
firmed experimentally) that v’v’ and w'v’ vanish at y=0
yields

P=P,—pu'v’ @

and

(5)

This first integration has produced the valuable information
that w'v’ is exactly zero for all y and that the pressure is
reduced from its value at the wall by an amount exactly equal
to the local value of pv’v’ (0" can be recognized as the
square of the root-mean-square of v’).

Since the right-most term of Eq. 2 is independent of x, it
follows that dP/dy is as well. Differentiation of §P/dy with
respect to x then leads to the conclusion that JP/dx is a
constant (invariant with respect to both x and y). Integrating
Eq. 1 from y = b, the midplane between the plates, where,
from symmetry, u(du/dy)— pu'v’ =7 is zero, then gives

P du
o-ol-2)-

p——pu'v’.

e ()

ax

Since from symmetry, du/dy is also zero at y = b, it follows
that the turbulent shear stress, which is equal to — pu'v’,
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must vanish at that point. It also follows from Eq. 6 that u'v’
must be negative for 0 <y <b.
From an overall force balance,

——b=r,. 7
dx b=mn @
Hence, Eq. 6 can also be expressed as
(1 ; ) = v ®
b Tw = M dy puv,
or in dimensionless form as
y*  du” . ©)
—-= + 0.
b*  dy* ¢

Formal integration of Eq. 9 from u*=0 at y* =0 gives,
after rearrangement, the following expression for the velocity
distribution:

y+ y*
+ oyt _ _ + +
ut=y (1 2b+) [0 o+ dy (10)
It follows that
+ +
+ __ _—— . -+ 1 + _})__
ub Upax = 2 b [) d) d(b+) (11)
and that
+ +
+ — 1 -+ y b
= dl—)=—
“m -[u “ (b*) 3

e o) o

By formally reversing the order of integration or integrating
by parts, Eq. 12 can be reduced to

b+ 1 y+ y+
+ Rt + — h—
= b foqb (1 b+)d(b+). (13)
Equation 13 can also be expressed as
24
fRe= (14)

1=3[167 A= Nty ) '

The dimensionless turbulent shear stress in Egs. 9-14 is
defined as

(15)

This quantity can be recognized as the local turbulent shear
stress as a fraction of the total shear stress on the wall. Since
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u'v’ is negative for 0 <y* <b*, ¢* is positive over that
range. From Eq. 8 it follows that the fraction of the total
shear stress at any point due to the turbulent fluctuations is

¢
T 1-Cy/b)’

(16)

Kampe de Fériet (1948) apparently first derived the equiv-
alent of Eqgs. 10-13, but he did not analyze or pursue the
consequences of these results.

Interpretation

As was to be expected, Eqs. 9~14 reduce to the well-known
expressions for laminar flow when ¢* is equated to zero.
What is perhaps surprising is that the contributions of turbu-
lence, as expressed by the integrals of Egs. 10~14, are simply
subtractive from the terms for purely laminar flow.

As is well known, u™ is a function of y* and b* for fully
turbulent flow, approaching a dependence on y* alone for
y* < b* and a dependence on y*/b* alone for y* = b*. It
follows from Eq. 9 that ¢™ bears a one-to-one correspond-
ence with u* and thereby is dependent on the same vari-
ables in general and in the two limits. Indeed, ¢*{y™*, b*}
can obviously be determined from u*{y*, b*} by means of
Eq. 9. Differentiation of experimental data magnifies its un-
certainty (see, for example, Churchill (1979), chaps. 5 and 6,
and de Nevers (1966)). This magnification of error may ac-
count in part for the scarcity, as noted below, of specific cor-
relating equations for ¢*{y™,h*} as compared to those for
u*{y*,b"}. Another explanation is the greater experimental
difficulty of measuring u’v’ as compared to u, and the lesser
number of sets of such values.

Correlations

Churchill and Chan (1995), as an outgrowth of the current
article, devised the following correlating equation for ¢* for
fully developed, fully turbulent flow between paraliel plates
(b* > 180):

1
" A=y N e 2 —Q5/b Y1+Ay /b))

an

Equation 17 is applicable for all y*; it conforms to the pre-
sumed asymptotic behavior in the viscous sublayer near the
wall (y* < 5), in the fully turbulent core near the wall (30 <
y* <0.1b*), and in the region of the wake near the central
plane (0.5<(y*/b*)<1). As illustrated in Figures 1 and 2,
¢, per Eq. 17, rises rapidly from zero at the wall, attains a
maximum value of approximately 1—(10/b*)¥? at (y*/b*)
=.5/b7 )72 [or y* =(2.5b7)¥2], and then decreases almost
linearly to zero at the central plane (y* =5").

Equation 17 is an alternative to corresponding correlating
equations for the distribution of the time-mean velocity, the
mixing length, and the eddy viscosity. The greater complexity
of Eq. 17 relative to the more familiar ones for the velocity,
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Figure 1. Dimensionless turbulent shear stress as a
function of y * according to Eq. 17.
O =b*/180; © = 1,000; O = 10,000.

the eddy viscosity, and the mixing length is a consequence of
the incorporation of the theoretically based behavior for all
three regimes. For example, the exponential term by itself
corresponds to the semilogarithmic regime of the velocity dis-
tribution and the quasilinear regimes of the eddy viscosity
and the mixing length. Equation 17 actually incorporates one
less empirical constant and one less functional approximation
than the analogous expression of Churchill and Chan (1994)

—-pu'v’

Tw

+

_¥y
Y=

Figure 2. Dimensionless turbulent shear stress as a
function of y /b according to Eq. 17.

b*; a =180; O =1,000; O =10,000; —(pu'v')r, =1—
(y/b).
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for u™. The coefficient 0.7 and the exponent 3 were chosen
on the basis of numerical simulations of turbulent flow near a
wall, while the coefficients 2.5 and 4 were chosen on the ba-
sis of empirical representations for the velocity distribution in
the turbulent core near the wall and near the central plane,
respectively.

Equation 9 reveals the simple relationship between
du*/dy™ and ¢”. The corresponding relationships of ¢* with
the eddy kinematic viscosity and the mixing length are

v, " 18)
—;— 1—(y+/b+)—¢+
and
(a+y ¢ (19)

TU-G) -t T

Equation 17 can be used to evaluate u™, u;, u,, and f by
numerical integration for any specified value of b* greater
than 150, which is the approximate lower limit of fully turbu-
lent flow between parallel plates.

Pai (1953a) appears to be the only prior investigator to
propose a correlating equation for u’v’ for flow between par-
allel plates. First, he repeated the derivation of Kampe de
Fériet (1948). Then he devised the following empirical ex-
pression to represent the experimental velocity distribution
of Laufer (1951) for bu, /v = 12,300:

yy? yy?
=1-0.3293 (1_3) —0.6707(1—3) . (0)

umax

By substituting Eq. 20 in the equivalent of Egs. 9 and 11 he
derived an expression for ¢*{y/b}, and in turn from Eq. 13
an expression for the friction factor. He compares his expres-
sions for u/u,,,, and ¢* with the experimental data of Laufer
(1951), but does not evaluate numerically or critique his ex-
pression for f. Despite the superficial agreement that he
demonstrates, his expressions for w/u_,., ¢, and f are
functionally inadequate. In particular, Eq. 20 fails to conform
to the known dependence of u* on y* alone for y* <0.15%,
An immediate consequence is the restriction of Eq. 20 to the
single rate of flow corresponding to bu . /v = 12,300. His ex-
pression for ¢* has directly related shortcomings, and that
for f erroneously demonstrates an inverse proportionality to
(b*)? as in laminar flow.

and

dz r dr

oP 1d du, —_
( ur—=— pm,’uz’) =0. (23)
dr

The same process of analysis and integration as for parallel
plates yields

a dr
P=P,—puu~pf @uy —uu)— (24
r

uuy' =0 (25)
and
r P du, (26)
zﬂsﬂ—‘W;+WMr

The cross-product u,’'u,’, when multiplied by p, can in this
geometry be recognized at once as the Coriolis force. It is
seen from Eq. 25 to be zero at all radii. The contributions to
the radial variation in pressure that appear as the first and
second terms of the integral of Eq. 24 are due to the centrifu-
gal force and curvature, respectively. The turbulent shear
stress pu,'u,’ is seen from Eq. 26 to be zero at the centerline.

Equation 26 can be rewritten in terms of the shear stress
on the wall as

r du, ____

=~ T,=— M p» +pu,'u, @27

If, for purposes of comparison, u, were replaced by u, a by
b, r by b—y, and u,'u,’ by —u'v’, Eq. 27 would become
identical to Eq. 8. It follows that Egs. 9-11 are directly appli-
cable to a round tube if a* is substituted for b*. However,
for round tubes

on= ()

a

and Egs. 13 and 14 are replaced by

at  at r\3
Smooth Round Tubes uh=— _f ¢+d(*) 29)
The expressions for smooth round tubes are closely analo- 4 3% a
gous to those for smooth parallel plates and hence will .be and
presented only insofar as they differ.
The time-averaged equations of conservation for fully de- 16
veloped flow can be expressed in the following forms: fRe= &)
4 ry?’
3ol
P 1 d( ) puy Uy’ 0 3 a
e 7 ? + -
ar dr P r ey
L4 — Insofar as the extended analogy of MacLeod (see Churchill
— G+ b _o @) (1999) or Churchill (1994), f:hap. .10) is va.lid, Eq. 17 is directly
r d applicable to round tubes if a™ is substituted for ™.
2516 December 1995 Vol. 41, No. 12 AIChE Journal



The only prior application of the integral formulation to
round tubes is also apparently due to Pai (1953b). His deriva-
tion is equivalent to that herein except that he erroneously
omitted a factor of r/a in the equivalent of Eq. 29. His pro-
posed empirical expressions for the distributions of u/u,, and
¢* differ from those of his for parallel plates, but have simi-
lar shortcomings. Hence, they will not be reproduced or dis-
cussed further herein.

Equation 17 with @™ substituted for b* can be used with
Egs. 10, 11, 29 and 30 to determine u*{y*), u}, u/, and
fRe for round tubes for any specified a* = 150. However, just
as for parallel plates, the greatest value of the expressions
previously derived for round tubes is perhaps the direct
demonstration of the contribution of the turbulent fluctua-
tions to the variation of the pressure and time-mean velocity
across the channel, and to the friction factor. The more com-
plex expressions that follow for concentric circular annuli have
additional value and functional significance.

Concentric Circular Annuli

Equations 21-23 are directly applicable for a concentric
circular annulus. Equation 25 is also valid, and Eq. 24 is
adaptable if P, and a are designated as either P, and 4, or
P, and a,. Equation 26 is not applicable since the implied
boundary condition of (du,/dr)=0and u,'u,’=0at r=01is
no longer appropriate. Instead, integrating Eq. 23 from a,,,,,
the unknown radius at which «, is a maximum and du,/dr is

zero, yields

a9z

Gmax

P (a3, —1? —
'__2__ = pamax(urluz’)

- du
—pruu, + pr—. (31
dr
The subscript m on the time-mean velocity has been dropped
in Eq. 31 and thereafter in the interest of simplicity.
Alternatively, integrating Eq. 23 from a, the unknown ra-
dius at which the total shear stress is zero, yields

é’P(a%—r2

Tz T2 )=p @, U Da,

& 2 @
—pruu, — — | +pr—.
pru,u, bu‘aO( dr )aﬁ nr dr

The total shear stress (here arbitrarily defined to be positive
for r < a,) can be expressed as

du
T=p——pu,'u,. (33)
dr
Since this quantity is by definition zero at r =a,,
du
"“(:;) = 9,4y = 0 (34)
g

and Eq. 32 can be reduced to
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az

(35)

P [ a%—r? du
== pm,'u,’ + ur—.
2 p r oz :u’ dr

Specializing Eq. 35 for a
31, produces

or subtracting Eq. 35 from Eq.

max

(36)

T oz 2

dP (a2, —aj3
dz

) = pamax(ur’uzl)amax

Equation 36 can be considered to be the analog of the condi-
tion of zero turbulent shear stress at y = b for parallel plates
and at r =0 for round tubes.

It follows from Eq. 36 that for laminar flow, for which
u,'u,’=0 at all r, the maximum in the velocity and the zero
in the total shear stress are coincident in an annulus just as
they are for both laminar and turbulent flow in round tubes
and between parallel plates. On the other hand, these loca-
tions must differ in turbulent flow in an annulus if u,'u,’ is
finite at the maximum in the velocity. Direct measurements
of u,'u,’ of sufficient accuracy to determine whether or not
(w,’'u,), . 1is finite are limited, but, as discussed below,
definitive measurements of time-mean quantities that distin-
guish a, and a_,, have been obtained.

Integrating Eq. 35 from the outer radius, a, gives, upon
rearragement,

1 c?P) at—r* a} a,
u-—[-= - {2}
,u( dz 4 2 r

p rag
——f 2u,’uz’a'r.
7!

r

37

Specializing Eq. 37 for the inner radius a;, where u =0, leads
to

2
a 4p [ Q—
= — 1 — ’ Id
a5\’ (‘11) a%(“ap/az)'[al ot
2t = - (38)
“ 2ln{—2}
a4,
Eliminating a, between Eqs. 37 and 38 then results in
"5
1 oP .
e
A )
4
%)
nl =2
P r az P o ——
+— | —— w'u,dr—— | "w’u,/dr. (39)
) AR

“ el )"
a

Finally, integrating over the entire annulus and dividing by
the cross-sectional area gives
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1 ( &P) 24l a%—a%
u,=—,\-—— -
m 8/1' 9z 2 1 ln{—z}
a;
a
——f Zu,’uz'dr
[2 5 J—
+ L - ["umTrar. o
{(22} ula3 —a3) /o,
In{ —
a,

An overall force balance indicates that the mean shear
stress on the two walls, 7, is related to the pressure gradi-
ent as follows:

Toom = (41)

_an tapT,, 4y —a ( aP

a +a, 2 d
Introducing this quantity as well as Re = [2(a, —a)u,, pl/1,
fm=Qryu/puz), &5 = Cpu'u,')/1,,, and
A=a,/a, allows Eq. 40 to be expressed in the dimensionless
form

16(1— 1)

Specializing Eq. 43 for r = a, instead gives

ai—aZ{ dP
Tw2 =- Tr=a3 = 24 - E (46)
2
and
T r*—a}\a,
S - 47
- (ag—ag)r “#7)
It follows that
T, at—-a’\a
T _ (__ ) “8)
Tw2 a;—ay ) 4

Here, 7,,, was arbitrarily defined so as to have the same sign
as T,

Experimental and theoretical confirmation

Kjellstrom and Hedberg (1966) derived the equivalent of
Egs. 31, 35, 36, and 40, and attempted to test experimentally

(T
e 2(1—)\)fA d>,,,d(a2) A

+

NEAREN IR
A A

The following supplemental expressions are also useful in
interpreting the behavior of the total shear stress in annular
flow. Making a force balance between any r and r = g, the
radius of zero total shear stress, gives

(43)

T =

a% —r? oP
2r gz )’

The total local shear stress is seen from Eq. 43 to be positive
for a, < r < a, and negative for a, < r < a,. (Negative values
of 7 occur for parallel plates for b < y < 2b as implied by Eq.
8, but that result is only an artifact of the definition of v’
with respect to the wall at y = 0 rather than with respect to
the absolute distance from the central plane.) The depend-
ence of 7 on r in annuli is seen to be bilinear as contrasted
with the simple linear dependence for round tubes and paral-
lel plates.
Specializing Eq. 43 for r = a; gives

ai—a?( dP (%)
Tt = Trea = 2a, dz
from which it follows that
2_,2
T ag—ry a;
—_— = —]—. 45
Twl ( a% - alz ) r ( )
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(42)

oY
flonel 1)

the implication of a difference between a, and a,,, by mea-
suring the pressure gradient and the radial distributions of u
and u,u’, for several aspect ratios. The differences between
the values determined for a, and a,,, were within the range
of the experimental uncertainty of these locations for smooth
annuli, but proved to be distinguishable for annuli with one
rough and one smooth surface.

Lawn and Elliott (1972) did succeed in determining distinct
values for a, and a, for smooth annuli. They located the
zero in the total shear stress both by hot-wire anemometry
and by a sliding-sleeve technique, and the zero in the gradi-
ent of the time-mean velocity by two slightly displaced Pitot
tubes as well as by graphically differentiating velocities mea-
sured with a single Pitot tube. A definite outward displace-
ment of a_,, relative to a, was noted. The displacement in-
creases with decreasing aspect ratio, A, but appears to be
independent of Re over the fairly limited range of these ex-
periments. Rehme (1974) subsequently carried out similar ex-
periments, encompassing even smaller values of A, and con-
firmed distinct locations for 4, and a_,,.

During essentially the same period of time, Hanjali¢ and
Launder (1972b) carried out finite-difference calculations us-
inga k — e —u'v’ model for Re = 2.4 X 10° in an annulus with
A=0.088 (to match one of the experiments of Lawn and El-
liott). Their computed velocities agree closely with the exper-
imental ones, and together with the computed shear stress
clearly identify separate locations for a, and a_,,,.
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Rehme (1974) correlated his own experimental data for a,,
as well as that of Lawn and Elliott (1972), Kjellstrém and
Hedberg (1966), and others, at Re = 10° with the expression

ag—a
0o A0-386 (49)
a4y

whereas Kays and Leung (1963) earlier correlated various
data for a_,, by

max

Apax — 41
e /\0.343. (50)
a; ~ Amax

Equations 49 and S0 can be combined to obtain

_ 0.343 _ 10.386
Aax — A A

a,—a = (1+ A9383)(1 4 A0386) "

(51

The fractional difference in a.,, — a, as represented by Eq.
51 is only 2.6% at A=0.01. However, the corresponding er-
ror in 7, as calculated from Eq. 44 using a,,,, instead of a;
is 37%. The error due to assuming that a_, = ay={(ay),, is
3.8% of a,— a, at A= 0.5 and the corresponding error in 7,
is 10.3%. For A=0.01 these errors increase to 17.8% and
364%, respectively.

Interpretation

The variation in », — pu,'u,’, and 7 across the annulus,
based on the preceding expression and the available experi-
mental data and numerical solutions, is shown in Figure 3.
The turbulent shear stress — pu,'u,’, as represented by the
dashed curve, is positive from r = a, up to nearly r = g, and
negative for all higher values of r. This quantity is of course
equal to the total shear stress at r = g, and actually greater
in absolute value from r shghtly less than a, up to a,,, be-
cause the viscous and turbulent shear stresses act in opposite
directions in that interval.

Although Egs. 39 and 40 are more complicated than the
corresponding expressions for parallel plates and round tubes
owing to the nonlinear variation of the total shear stress and
the presence of the parameter A, the contribution of the fluc-
tuating components of the velocity can again be seen to be
additive algebraically.

The additional and even more important contribution of
the integral formulation in this geometry is the purely formal
prediction of a difference in the locations of the maximum in
the velocity and the zero in the total shear stress. The conse-
quences of this difference will now be examined.

For flow in a round tube or between parallel plates, the
shear stress on the wall, and hence the variation of the total
shear stress across the channel, can be determined from mea-
surements of the pressure gradient alone. However, for an
annulus, as indicated by Eqs. 44 and 46, the shear stress on
one of the walls or the location of the zero in the shear stress
must in addition be determined in order to define the radial
variation of the total shear stress. In most experimental in-
vestigations a,,,, has been evaluated {with great uncertainty)
from the velocity distribution and inferred to equal a4. In
many instances the further error has been made of using the
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Figure 3. Velocity, total shear stress, and turbulent
shear stress in an annulus.

theoretical value of a,,, for laminar flow as an approxima-
tion for both a,,, and g, in turbulent flow. As a conse-
quence, virtually all of the values of rw, and 7,,, reported in
the literature are subject to an unrecognized and unknown
error that is difficult to correct retrospectively. This in turn
leads to errors in plots and correlations for u™ as a function
of y* owing to the incorporation of 7,, or 7,, in both of
these dimensionless variables. Rehme (1974) demonstrated
that improved correlations of u*{y™} could be attained from
the data of earlier investigators by utilizing a, from Eq. 49 to
determine 7,, and 7, rather than the original values of a,
that were taken as equivalent to @, .

The use of a,,,, for a; has also been incorporated unwit-
tingly in virtually all of the many semitheoretical solutions
that employ velocity distributions adapted from those for
round tubes or parallel plates and then match the velocities
for the inner and outer regions at r = a,,,, = a,. The futility
of the latter step is apparent from Figure 3.

In keeping with Eq. 33, the eddy viscosity for an annulus is
defined as

’ ’
—pu,u,

du/dr 2)

M=

From Figure 3, this quantity can be inferred to be positive for
¥ > a,._,, unbounded (infinite) for r = a,,,,, negative for a; <
r < @, zero for some value of r slightly less than a,, and
positive again for r less than that value. Obviously, the eddy
viscosity concept is not truly applicable for an annulus. The

max?
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k — € model, which functions by generating the eddy viscos-
ity, is also precluded. The mixing length concept is subject to
similar anomalies. Maubach and Rehme (1972) apparently
first noted such discrepancies in the eddy viscosity in connec-
tion with flow between one rough and one smooth parallel
plate. These shortcomings were, however, not recognized by
earlier experimenters who determined the eddy viscosity or
mixing length for annuli, or by analysts who utilized such
quantities.

The overall friction factor defined above Eq. 42 does not
involve a, and hence is not subject to error arising from the
misdetermination of that quantity. However, separate friction
factors have often been defined and determined for the inner
(a, <r < a,) and outer (a, <r < a,) regions in the expecta-
tion of greater similarity of their functional dependence on
the Reynolds number to that for parallel plates and round
tubes. These separate friction factors are impacted by the de-
termination of a4 and thereby of 7,,; and 7, ,. A further com-
plication arises if they are based on the mean flow in the
subregions since that partitioning depends on a, and the cor-
responding velocity distributions as sketched in Figure 3.

Why have not the discrepancies in experimental correla-
tions and semitheoretical solutions that result from using a_,,
or (ag),, for a, been recognized? First, most experimental
investigations have been for aspect ratios approaching unity,
for which the effects are small and perhaps even tolerable.
Second, the effects when small have often been overshad-
owed by experimental error; this is particularly true with sen-
sitive quantities such as the eddy viscosity that depend on
derivatives. In results obtained by semitheoretical modeling,
any overt evidence of anomalous behavior is precluded by the
inherent postulate of a, = a,,,,. Also, disparity with experi-
mental results is often disguised by the adjustment of empiri-
cal coefficients,

Other Geometries and Conditions

It may be inferred from derivations similar to those for
smooth annuli that in turbulent flow the maximum in the ve-
locity and the zero in the shear stress will occur at different
locations for all conditions and geometries for which the shear
stress is unequal on opposing surface. Such conditions in-
clude concentric circular annuli and one rough and one
smooth surface, as well as two surfaces of unequal roughness,
for parallel plates. The combination of forced and induced
(Poiseuille and Couette) flow is another such condition. Ge-
ometries that produce an equal shear stress on opposing sur-
faces include all open channels, many two-dimensional chan-
nels such as trapezoids, and all curved channels. (In two-di-
mensional and curved channels a secondary motion is an
added and perhaps even greater complication.)

Experimental and theoretical results for the separate loca-
tions of the maximum in the velocity and the zero in the total
shear stress are very limited for these other conditions and
geometries. Values of g, and a,,,, for annuli with one smooth
and one rough surface were determined experimentally by
Kjellstrém and Hedberg (1966), and computationally by Han-
jali¢ and Launder (1972b). Although Wilke et al. (1967) did
not determine the location of the zero in the shear stress in
their experiments with one smooth and one rough plate, they
concluded retrospectively that the failure to do so was the
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source of the obvious discrepancies in their correlations for
such data. Determinations of separate locations for the zero
in the shear stress and the maximum in the velocity were
accomplished for one rough and one smooth plate by
Maubach and Rehme (1972) experimentally and by Hanjalié
and Launder (1972a) computationally. Maubach and Rehme
attempted, without great success, to construct a general cor-
relation for the location of the zero in the shear stress as a
function of the location of the maximum in the velocity for
both parallel plates and annuli with both smooth and non-
identical surfaces.

Summary and Conclusions

Formal integration of the time-averaged equations of con-
servation for fully developed, fully turbulent flow in channels
has been shown earlier to provide considerable insight on the
functional behavior. Such formulations are exact in every
sense and relatively simple. They can be used with an cmpiri-
cal correlation such as Eq. 17 to provide detailed quantitative
results, but their primary value is perhaps qualitative. They
provide a guideline for both experimentation and analysis that
has generally been overlooked. This oversight has had serious
consequences including the publication of erroneous results,
both experimental and analytical, in particular for annuli.

For the simplest of all channels, that formed by two, smooth
parallel plates, a first integration reveals that (1) the cross-
product v'w’ is zero everywhere; (2) the pressure within the
channel is equal to that at the wall minus the local value of
pu'v’; and (3) the turbulent shear stress — pu'v’ vanishes at
the midplane as well as at the wall. A second integration of
the equation for the conservation of momentum in the direc-
tion of flow produces a formal expression for the local time-
mean velocity that consists of the algebraic sum of the well-
known terms for purely laminar flow and a simple integral of
pu'v' /r,. The corresponding formal expression for the
space-mean velocity, and thereby for the friction factor, can
be reduced to the algebraic sum of the well-known term for
laminar flow and a weighted integral of pu'v’ /r,,.

Similar results arc obtained for a round tube despite the
slight complication arising from curvature and the presence
of a centrifugal force.

Similar results are also obtained for a concentric circular
annulus, but with further effects of curvature. More impor-
tantly, a first integral of the equation of conservation for the
direction normal to the wall reveals that for turbulent flow
the locations of the maximum in the velocity and the zero in
the total shear stress differ in this geometry. That result,
which is represented most simply by Eq. 26, is in contrast
with the occurrence of zero turbulent shear stress at the mid-
plane of smooth parallel plates and the centerline of round
tubes.

The difference in the locations of the maximum in the ve-
locity and the zero in the shear stress for annuli has several
important consequences. First, the evaluation of a4, requires
the experimental determination of 7, or 7, in addition to
the pressure gradient (Eqgs. 44 and 46). Second, the use of
Q. in place of a, results in even greater percentage errors
in the corresponding values determined for 7,,; and r,,,. These
errors are incorporated in the values of both u® and y*.
Third, the noncoincidence of 4, and « results in an un-
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bounded value for the eddy viscosity at a,,,, and negative
values extending from a_,, to a value of r slightly less than
ag. Thus, the concept of the eddy viscosity is inapplicable to
annuli, at least in that region. The k — € model for turbu-
lence, which functions by generating an eddy viscosity, is cor-
respondingly excluded. The mixing-length concept suffers
from related shortcomings. Some more complex models for
turbulent flow, such as those based on the Reynolds stresses,
remain valid. A fourth, more subtle consequence of the non-
coincidence of a4, and a,,,,, but one apparent from Figure 3,
is that the many solutions for annuli based on the matching
at a, of velocity distributions adapted from parallel plates or
round tubes are invalid. Fifth, although the overall friction
factor defined in terms of 7,,, and u,, is not dependent on
a,, the separate friction factors for the inner and outer sur-
faces of the annulus are directly dependent on a,, through 7,
and 7,,,, and, secondarily as well if based on the mean veloci-
ties in the inner and outer region.

The difference between a, and a,,, in annuli is small ex-
cept for very small A, but the resulting errors in 7,,, and 7,
are percentagewise much greater. The errors due to postulat-
ing ay = a,,, =(ag),, are even greater. For the usual practi-
cal case of A approaching unity, all of the errors and effects
mentioned earlier may be tolerable. This is the explanation
for the failure of most experimentalists to note anomalies as-
sociated with the use of a,,, or even (a1, for a,.

A difference between the locations of the maximum in the
velocity and the zero in the shear stress occurs in any geome-
try and for any condition that gives rise to a nonequality of
the shear stress on an opposing surface. The consequences
previously enumerated for annuli are then applicable in vary-
ing degrees.

Notation

a =radius of round tube or annulus, m
a* =dimensionless radius =[a(r, p)"? /1
A, =cross-sectional area, m
b = half-spacing of parallel plates, m
b* =dimensionless half-spacing, =[b(7, p)"?]/
f =Fanning friction factor = 27, /pu?,
fm =overall Fanning friction factor for an annulus = 27, ,,. /pu
{ = mixing length, m
L =wetted perimeter, m
P =time-averaged dynamic pressure, Pa
r =radial coordinate, m
u =time-averaged velocity in direction of flow, m/s
' =fluctuating component of velocity in principal direction of flow,
m/s
u, =fluctuating component of velocity in radial direction in polar
coordinates, m/s
up = fluctuating component of velocity in tangential direction in po-
lar coordinates, m/s
u', = fluctuating component of velocity in principal direction of flow
in polar coordinates, m/s
u* =dimensionless velocity = u( p/r, )V?
v’ = fluctuating component of velocity in y direction, m/s
w' = fluctuating component of velocity in direction of unbounded
breadth for parallel plates, m/s
x =distance in principal direction of flow for parallel plates, m
y =distance from the lower wall, m
y* =dimensionless distance =[y(, p)"*l/u
z =distance in principal direction of flow for round tubes and an-
nuli

2
m

Greek letters

A =aspect ratio =a,/a,
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= dynamic viscosity, Pa-s
v = kinematic viscosity, m%/s
+ a3 1 B
¢" =dimensionless turbulent shear stress = — p'v' /1, or pulu, /7,

Subscripts

1 =on inner wall of annulus
2 =on outer wall of annulus
a=atr=20
b=aty=»b
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